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Abstract 



We introduce a geometrical framework for double field theory in which generalized Rie- 
mann and torsion tensors are defined without reference to a particular basis. This 
invariant geometry provides a unifying framework for the frame-like and metric-like for- 
mulations developed before. We discuss the relation to generalized geometry and give an 
'index-free' proof of the algebraic Bianchi identity. Finally, we analyze to what extent 
the generalized Riemann tensor encodes the curvatures of Riemannian geometry. We 
show that it contains the conventional Ricci tensor and scalar curvature but not the full 
Riemann tensor, suggesting the possibility of a further extension of this framework. 
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1 Introduction 



Double field theory is a framework to render the T-duality group 0(D, D) a manifest symmetry 
for the low-energy effective spacetime actions of string theory. This is achieved by introduc- 
ing doubled coordinates X M = (xi,x l ), M,N = 1, ... , 2D, namely by augmenting the usual 
spacetime coordinates x l , i = 1, . . . , D, by an equal number of new 'winding-type' coordinates 
%i [IH3]- The massless fields of bosonic string theory, the metric gij, the 2-form bij and the 
scalar dilaton eft, are encoded by novel geometrical objects that are tensors under 0(D,D). 
A generalized metric %mn that is a symmetric 0(D,D) matrix encodes g^ and bij, and an 
0(D,D) singlet d encodes the scalar dilaton <j> via e~ 2d = ^/—ge^ 2 ^. An 0(D,D) and gauge 
invariant spacetime action for double field theory can then be written without any reference 
to the original fields g, b and <f>. This theory has been originally formulated in [IH3|- Earlier 
important work can be found in [5-7J and further developments have been discussed in [8l-t31j . 

In this paper we aim to take the first steps towards a fully invariant formulation of the 
geometry of double field theory, by which we mean a formulation that does not require the 
introduction of a coordinate basis. There are two aspects to this problem. First, the notion 
of manifold needs to be generalized because the gauge transformations are not given by diffeo- 
morphisms of the doubled space. Second, we need to introduce invariant curvatures that are 
compatible with these novel gauge symmetries and that allow us to define an invariant action. 

In order to explain the first part of the problem we recall the infinitesimal gauge transfor- 
mations of double field theory, which are parameterized by an 0(D,D) vector parameter £ M 



We infer from ({1.1 jl that e~ 2d transforms as a scalar density and so can be treated as in ordinary 
differential geometry and be used to define an invariant integration. In contrast, the gauge 
transformation of the generalized metric does not take the form of a Lie derivative in the doubled 
space but rather defines a generalized Lie derivative by the relation jC^Hmn = $(Hmn- 
These generalized Lie derivatives leave the 0(D, D) metric invariant, C^tjmn = jl]. Since we 
cannot think of (jl.ip as an infinitesimal general coordinate transformation, we have to define 
suitably generalized coordinate transformations. A generalized notion of manifold is required 
in which the transition between different coordinate patches is governed by these generalized 
coordinate transformations and so that there is a well-defined constant metric (|1.2j) . This part 
of the problem has recently been addressed by us in [32] and will be briefly reviewed in sec. 12.21 
In this paper we will be mainly concerned with the second part of the problem, and thus the 
present paper can be seen as a companion to [32J. 

The second part of the problem requires the introduction of invariant curvatures on the 
generalized (doubled) manifold. This should be possible, because the action of double field 



and read 



S^Hmn = fdpHuN + {d M f - d P t M )U PN + (d N £ p - d P t N )U M p 
h{e- 2d ) = d M (C M e- 2d ) , 
where indices are raised and lowered by the 0(D,D) invariant metric 



(1.1) 




(1.2) 
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theory can be written in a geometric Einstein-Hilbert-like form, 

Soft = ^ dxdx e- 2d U{U,d) , (1.3) 

where 1Z is an 0(D,D) scalar and a gauge scalar and can thus be viewed as a generalized 
curvature scalar. Similarly, the variation of (jl.3p with respect to Hmn gives a tensor IZmn that 
transforms covariantly under gauge transformations, i.e., with the generalized Lie derivative as 
in (jl.ip . and can be viewed as a generalized Ricci tensor. It is then natural to seek an analogue 
to Riemannian geometry, so that by introducing connections and invariant curvatures one can 
systematically construct the Ricci tensor and curvature scalar. There indeed exist two such 
formulations which have been developed in physicist terminology, i.e., defining everything with 
respect to a basis and introducing 'index-based' objects. The first formalism was developed some 
time ago by Siegel [5]. It is a frame formalism that is the analogue of the vielbein formulation 
of general relativity and has been related to double field theory in [8]. The second formulation 
is a metric-like formalism with Christoffel-type connections. As in general relativity, the second 
formulation is related to the first by a 'vielbein postulate' [8, 16J. It has been developed in 
a self-contained fashion in [16], using elements of one of the formulations of Jeon, Lee, and 
Park |2iy22j. to which it reduces upon performing a (non-covariant) truncation. 

Our aim in this paper is to provide 'invariant' definitions of the generalized Riemann and 
torsion tensors. While these definitions require the use of a basis of vector fields, this basis is 
totally arbitrary. The tensors are manifestly independent of this choice and thus basis indepen- 
dent. Our formulation does not require the use of a coordinate basis nor of a frame basis with 
further constraints. Specifically, we wanted to find the analogue of the well-known definition of 
the Riemann tensor in ordinary geometry: 

R(x,y,z,w) = ((V x Vy-V y V x -V [X:y] )z,w). (1.4) 

In here x,y,z,w are sections on the tangent bundle of the manifold (vector fields), V is a 
connection and (• , •) is an inner product on the tangent bundle^] We found such formula. With 
X, Y, Z, W denoting generalized vector fields, or sections of a suitably generalized 'tangent 
bundle' to the doubled manifold, V a connection, and inner product (X, Y) = V mnX m Y n , we 
define the generalized Riemann tensor by 

n(X,Y,Z,W) = <(V x Vy- VyVx- V [xx]d )Z,W) 

+ ((VzVi V -V H /V z -V [zw JJ,F) ( L5 ) 

+ Y i (Y,Vz A X)(W,V zA Z). 

A 

Here Za denotes an arbitrary basis of vector fields, with duals Z A such that (Za,, Z B y = 5a B ■ 
In addition, we use the so-called D-bracket that generates generalized Lie derivatives and is the 
double field theory extension of the Dorfman bracket. The first line formally coincides with the 
definition of the conventional Riemann tensor in (jl.4p , but with the Lie bracket replaced by the 

x In Riemannian geometry a more basic definition of the Riemann tensor does not use the metric. The Riemann 
tensor is viewed as a linear operator R(x, y) defined to act on vector fields as R(x, y)z = (Va;V w — V y V x — ^[x,y\)z- 
There seems to be no analogue of this metric-independent definition in a doubled geometry. 
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D-bracket. This replacement is important since the Lie bracket of two generalized vectors is 
not a generalized vector, while the D-bracket of two generalized vectors is a generalized vector. 
Still, the first line alone fails to define a tensor. The other two lines are needed. Similarly, we 
wanted to generalize the torsion tensoj^l 

T{x,y,z) = (V x y-V y x-[x,y],z) . (1.6) 

We found a generalized torsion tensor which reads 

T(X, Y, Z) = (V X Y - V Y X - [X, Y] D , Z) + (Y, V Z X) . (1.7) 

Again, the first term formally coincides with the conventional torsion tensor, with the Lie 
bracket replaced by the D-bracket, but the last term is needed to preserve the tensor character. 

We may then specialize these definitions to either a coordinate or frame basis, and we will 
see that the generalized Riemann and torsion tensors reduce to those previously introduced in 
the metric- and frame-like formalisms. As such, this formulation provides a unifying framework 
that makes manifest the equivalence of the 'index-based' approaches of 0[5] and |16j . We 
illustrate the strength of this formulation by giving a basis independent proof of the algebraic 
Bianchi identity for the generalized Riemann tensor. 

We will also comment on the relation to results in the generalized geometry developed by 
Hitchin, Gualtieri and others [33H35] . In fact, the generalized torsion (jl.7p is closely related to 
the torsion defined by Gualtieri [35J. To the best of our knowledge, however, the generalized 
Riemann tensor (j 1 . 5 1) has not appeared in the mathematical literature. 

We use the opportunity to analyze the generalized Riemann tensor in somewhat more detail 
than in [16] . In particular, we discuss a way to derive new differential Bianchi identities, in 
the course of which we present some technically interesting new results. For instance, just like 
in ordinary geometry, the gauge transformations of the connection can be written covariantly. 
Indeed, we show that the infinitesimal gauge transformations of the connection components 
^mnk can be written in terms of the generalized Riemann tensor, 

5^MNK = ^{^M^[N^K]—^[N^K]Cm) + (, P T^PMNK , (1-8) 

all written with respect to a coordinate basis. Similarly, for a frame basis Ea, the gauge 
transformations of the spin connection components oj are written as 

5ujmab = [Va,V b ]Sa/ + K A bmnZ n ■ (1.9) 

Note that in the generalized geometric framework the right-hand side is non-zero, in contrast 
to conventional Riemannian geometry, where the commutator of covariant derivatives can be 
expressed in terms of the Riemann tensor. Even though there is no simple relation between the 
commutator of covariant derivatives and the Riemann tensor, we find an intriguing relation for 
a certain triple commutator of covariant derivatives in terms of the generalized Riemann tensor 
and its covariant derivatives, see eq. (|7.3ip below. 

2 In Riemannian geometry a more basic definition does not use the metric and defines the vector field T(x, y) = 
V x y - V y x - [x,y]. 
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We finally discuss the extent to which the generalized Riemann tensor encodes the usual 
curvatures of Riemannian geometry. We confirm that it contains the Ricci tensor and Ricci 
scalar, but we also establish that it does not contain the full uncontracted Riemann tensor. This 
implies that while the present framework is satisfactory and sufficient for the two-derivative part 
of the effective action, the inclusion of higher-derivative a' corrections requires an extension of 
this geometry. We will argue in the conclusions that there are strong reasons to believe that a' 
corrections are possible in double field theory so that such an extension should exist. 

We believe that our results are a first step towards a properly invariant geometric framework 
underlying double field theory. Needless to say, there are various gaps to be filled in order to 
achieve a mathematically satisfactory formulation. One important aspect of double field theory 
that should be properly accounted for is related to the need to impose the following constraint 

d M d M = V MN d M d N = 0, (1.10) 

with tjmn defined in (|1.2p . and acting on arbitrary fields and gauge parameters. In this form, 
sometimes referred to as the weak constraint, it is a direct consequence of the level-matching 
constraint in closed string theory. In the double field theories constructed so far, however, 
a stronger form is required. Since the product of two functions satisfying (jl.lOp does not 
necessarily satisfy (jl.lQj) . we demand that d M 3m also annihilates all products of fields, thus 
requiring 

d M AB M B = VA,B, (1.11) 

in order to have a closed algebra of functions. Thus we are restricting to a subalgebra of 
functions on the doubled space. Almost certainly some version of (jl.lOp and (jl.lip must be 
part of any rigorous definition of a generalized manifold, and understanding this properly may 
give insight into the geometric meaning of the level-matching constraint in string theory|f| One 
consequence of this constraint is that we cannot think of a (generalized) vector field V M as a 
differential operator V = V m 3m acting on this subalgebra, since this operator is unchanged 
under V M — ► V M + A d M x, with A and x arbitrary, while such a change does affect the 
generalized vector. Thus, we leave for further work a proper invariant treatment of the nature 
of the 'generalized tangent bundle,' and we hope that our results motivate mathematicians to 
further develop this geometrical framework. A first proposal on the underlying geometrical 
formulation of double field theory has already appeared in the mathematical literature [36J , but 
it is clear that we are still lacking a complete picture. 

2 Generalities of double field theory 

We start by introducing some basic notions of double field theory, particularly the C and D 
brackets, which are the double field theory counterparts of the Courant and Dorfman brackets 
of generalized geometry and play a key role in the gauge transformations. This serves as a brief 
review and also sets the notation. Then we recall the invariant definition of tensors and set the 
stage for our later introduction of a torsion and Riemann tensor by showing, using our recent 
results in [32], that tensors defined by means of the C and D brackets are indeed generalized 
tensors under finite transformations in the sense of [32j. 

3 See [14 , 29 for situations that require only relaxed versions of these constraints. 
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2.1 Generalized Lie derivatives, Courant and Dorfman brackets 



A basic object in double field theory is the 0(D,D) invariant metric r\ defined in (jl.2p . For 
later use we introduce an invariant notation for this metric by writing 

(X,Y) = mN X M Y N , (2.1) 

where here and in the following X, Y, Z, etc., denote vector fields on the doubled space. In 
particular, we view the partial derivatives Bm as a coordinate basis of vector fields and write 

(8m, 8n) = Vmn ■ (2.2) 

In general we have a natural action of vector fields on functions, / — * X(f), giving a new 
function: 

X(f) = X M d M f . (2.3) 

We stress, however, that in the context of double field theory a vector field is not uniquely de- 
termined by its action on functions because these satisfy the strong constraint (jl.lOp and (jl.lip . 
Thus, we cannot introduce vector fields as in ordinary differential geometry, and currently we 
do not know how to define generalized vectors in an invariant or geometric fashion. Below we 
will define generalized vectors by their (generalized) coordinate transformations, leaving their 
proper invariant treatment for future work, but we stress that once generalized vectors are 
given, higher tensors can be defined completely invariantly, as we will discuss below. 

Let us now turn to the generalized Lie derivatives that govern the gauge transformations of 
double field theory as in (jl.ip and are compatible with the metric (|2,ip . The generalized Lie 
derivative is defined on an 0(D, D) tensor V M n as 

C i V M N = i K d K V M N + {d M U - d K i M ) V K N + (dst* - d K i N ) V M K , (2.4) 

and similarly for tensors in arbitrary representations of 0(D,D). Here the 0(D,D) indices 
are raised and lowered with the metric r\. It is thus easy to see that r/ is indeed invariant 
under generalized Lie derivatives, C^r] = 0. We refer to 0(D,D) tensors transforming with 
the generalized Lie derivative under gauge transformations as generalized tensors. Note that 
the scalar product (|2.ip of two generalized vectors is then a generalized scalar. Moreover, the 
partial derivative of a scalar is a generalized vector [8]. 

The generalized Lie derivatives form an algebra that in turn defines the C-bracket, which is 
an 0(D,D) invariant extension of the Courant bracket in generalized geometry. We havd3 

[£ x ,£y] = £[X,Y] ) (2-5) 

where the C-bracket reads 

[X, Y] c = [X, Y] - \x M dY M + ^Y M dX M . (2.6) 
Here [ , ] denotes the usual Lie bracket of vector fields, 

[X,Y] M = X N B N Y M - Y N 3 N X M , (2.7) 

4 We note that here we view Cx as an abstract operator. Viewing it as a field variation, thus acting on fields 
first, leads to a different sign on the right-hand side of this relation. 
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and d is a short-hand notation for the partial derivative with an index raised by the metric. 
Thus, in components, the C-bracket reads 

[A, Y]$ = [A, Y] K - \x M d K Y M + \Y M d K X M . (2.8) 

Because of the strong constraint the C-bracket acting on functions gives the same as the Lie 
bracket 

[X,Y] c f = [X,Y]f. (2.9) 

The C-bracket of two generalized vectors is also a generalized vector [8]. 

Another useful bracket, the D-bracket, can be defined directly through the generalized Lie 
derivative and turns out to be an 0(D, D) covariant extension of the Dorfman bracket in 
generalized geometry. We define 

[X,Y] D = C X Y . (2.10) 

Although this is not antisymmetric we continue referring to it as a bracket. It differs from the 
C-bracket by a generalized vector, so it is also a generalized vector: 

[X,Y] D = [X,Y] c + ±d(X,Y). (2.11) 
Its component expression is therefore 

[X,Y]% = [X,Y] K + Y M d K X M . (2.12) 

Before we continue we introduce an index-free notation that shall be useful later. In the 
following we will write all tensor equations 'invariantly' by introducing an arbitrary basis {Za}, 
A = 1, . . . , 2D, that will later be specified to a coordinate basis, Zm = Sm-, or to a frame 
basis with additional constraints, Za = Ea, and accordingly the index A will acquire different 
interpretations. For the moment, however, we keep the basis completely generic. With respect 
to this basis {Za} and its dual {Z A } we have for the components of the metric (|2.ip 

(Z A ,Z B ) = 5 A B , (Za,Z b ) = Gab. (2.13) 

We stress that the metric Gab will in general be A-dependent and it reduces to the constant 
0(D,D) metric only for the coordinate basis. Under a change of basis 2->2we have 

Z A = A A B Z B , Z A = (A- 1 ) B A Z B , (2.14) 

where A is an arbitrary, generally A-dependent, GL{2D) matrix. Note that this transformation 
leaves the natural pairing in the first equation of (|2.13p invariant. Accordingly, all definitions 
to be discussed in the following will be manifestly invariant under a change of basis and in this 
sense be basis independent. For instance, with respect to this general basis we can then write 
for the D-bracket (j2TTT|) 

[X,Y] D = [X,Y] c + IJ]( Z a(X,Y))Z a , (2.15) 

1 A 

which is manifestly invariant under (I2.14h and reduces to (I2.1ip when using a coordinate basis. 
The lack of antisymmetry of the D-bracket is then expressed by 

[X,Y] D = -[Y,X] D + Y i (ZA(X,Y))Z A , (2.16) 

A 
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or with the help of the inner product as 

([X,Y] D ,Z) = -([Y,X] D ,Z) + Z(X,Y) 



(2.17) 



In the following we will use the Einstein summation convention also for basis indices A,B, . . . 
and define for the gradient vector acting on a general function /, 

V/ = df = (Z A f)Z A . (2.18) 

We close this section by collecting some further properties of the C- and D-brackets. Just 
like the C-bracket in (|2.9p . the D-bracket acts on scalars as the Lie bracket 



[X,Y] D f = [X,Y]f. (2.19) 
Moreover, the D-bracket satisfies the (modified) Jacobi identity 

[X,[Y,Z] D ] D -[[X,Y] D ,Z] D -[Y,[X,Z] D ] D = 0, (2.20) 
while for the C-bracket, we have the C-Jacobiator Jc- 

eye eye 

J C (X,Y,Z) = £ [[X,Y] c ,Z]c = ([X,Y] C ,Z), (2.21) 

X,Y,Z X,Y,Z 

using eqn. (8.29) from [2]. Here, the sum denotes the cyclic sum with unit strength (i.e., three 
terms with coefficient one). 

According to (|2.10p the generalized Lie derivative Cx acts on generalized vectors via the 
D-bracket. Since it also leaves the 0(D,D) invariant metric invariant and X(Y, Zy = Cx(Y, Z) 
we have for any vector fields X, Y, Z 

X(Y,Z) = ([X,Y] D ,Z) + (Y,[X,Z] D ). (2.22) 

In terms of the C-bracket it then follows from (|2.15p that 

X(Y,Z) = ([X,Y] c ,Z) + (Y,[X,Z]c) + ^Z(X,Y) + ^Y(X,Z), (2.23) 

which will be useful below. 



2.2 Finite gauge transformations and invariant tensors 

Let us briefly recall the invariant 'index-free' definition of tensors. A tensor is a multi-linear 
map from vectors and their duals to a function (scalar) . Since by means of the metric (|2. 1 j) we 
can always identify a dual vector with a vector, in the following we will restrict ourselves to 
multi-linear maps of vectors only. For a tensor T of rank n we can then scale out a function 
multiplying any of the n vector entries, i.e., 

T(Ai, . . . , fA p , . . . , A n ) = fT(Ax, . . . , A p , . . . , A n ) , (2.24) 
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and similarly for all other arguments. The usual 'component' form of a tensor (with 'curved 
indices' in physicists notation) is then obtained by evaluating the tensor with respect to the 
coordinate basis Bm, 

Tml-.Mu = T(d Ml ,- ■ ■ , d Mn ) ■ (2.25) 

By its multi-linearity, the action of T on arbitrary vectors can be written in terms of components 
as follows 

T{A l} ...,A n ) = A A 1 h ---A^T(d Ml ,...,d Mn ) = A^...A^T Ml ... Mn . (2.26) 

Next we will show that a tensor thus defined coincides with a 'generalized tensor' in the 
nomenclature of [32j. There we introduced 'generalized coordinate' transformations X — *■ X' 
and defined a generalized vector Am as transforming according to 

A' M (X') = F M N A N (X), (2.27) 

where the matrix T is defined by 

T N _ U dX p dX' p dX' M dX N x 

" 2\bx>m ex N + dx P dX'p) ' 1 5j 

and the indices on coordinates are raised and lowered with tjmn- We take this to be the 
definition of a generalized vector since, as mentioned above, currently we do not know of an 
invariant 'intrinsic' definition. An arbitrary 0(D,D) tensor T transforms as 

T' Mi ...mAX') = T Ml N ^---F Mn N -T Nl ... Nn {X) . (2.29) 

For an infinitesimal transformation X' = X — £(X), we can expand J- to first order in £ and 
confirm that this transformation leads to the generalized Lie derivative (|2.4p . Thus, our current 
definition of a generalized tensor is the proper extension of our previous infinitesimal definition. 

The matrix T has various useful properties that are not manifest from its definition but that 
have been proved in [32]. First, due to the strong constraint (jl.lOp . (jl.lip . a transformation by 
T is actually compatible with the transformation of Bm according to the chain rule, 

d' M = T M N d N . (2.30) 

Second, J- e 0(D,D), i.e., a transformation by J- is compatible with the metric (|2.ip . 

(V, W) = (TV, FW) , (2.31) 

which implies in components 

MN KL -r M -c N (n or>\ 

rj = T) Sk -Fl ■ (2.32) 

With these relations it then immediately follows that a tensor defined abstractly leads to a 
component tensor that is a generalized tensor in the sense of f|2.29j) : from the multi-linearity of 
a tensor together with ()2.25j) and ()2.30p we infer 

T Mi...M n = T (^Mi' • • • > d M n ) = T^Mx 1 d Nl ,...,J r Mn "djvj 

(2.33) 

= ^m/ 1 • • • ^M„ " T(6n 1 , • • • , 5atJ = Tm x 1 • • • ?M n " T Nl ,„ Nn . 
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Alternatively, using (|2.32[) and the transformation (|2.27p of a generalized vector, we can read 
off the transformation of a generalized tensor from the right-hand side of (|2.26p . using that the 
geometric (invariant) left-hand side is unchanged under coordinate transformations. In total, 
we can introduce generalized tensors in an 'intrinsic' index-free fashion, if we take generalized 
vectors as given. 

We close this section by showing that the C- and D-brackets introduced above are well- 
defined brackets of generalized vectors, i.e., given two generalized vectors they produce a gener- 
alized vector. Since there is no intrinsic definition of generalized vectors we have to verify that, 
say, the C-bracket transforms correctly under generalized coordinate transformations. To this 
end it is convenient to employ an alternative form of the finite gauge transformations, which is 
simply given by the exponential of the generalized Lie derivative, 

A' M (X) = {expCz)A M {X). (2.34) 

It has been shown in [32J that, at least up to and including quartic order in £, this agrees with 
(|2.27p for a suitably defined generalized coordinate transformation X' M = X M — ^ M {X) + 0{^ 2 ). 
This form of the finite gauge transformations is more convenient due to the following invariance 
property of the C-bracket [8] 

Ci[X,Y] c = [^X,Y] C + [X,C^Y] C . (2.35) 

Indeed, it is then easy to see that 

e £ t[X,Y] c = [Ax,Ay] c , (2.36) 

so that the C-bracket indeed transforms as a generalized vector. It is also easy to see that 
the D-bracket transforms as a generalized vector. We first note from (|2.1ip that the D-bracket 
differs from the C-bracket by the partial derivative of a scalar. From (|2.30p it follows that 
the partial derivative of a scalar transforms like a vector. Thus, the D-bracket transforms also 
like a vector. In the next section we turn to the definition of Riemann and torsion tensors, 
which will be tensors in the invariant sense recalled above and which will be written in terms 
of the C- and D-bracket. From the foregoing discussion it is then clear that these tensors are 
generalized tensors in the sense above and, therefore, that all actions build with these curvatures 
are invariant under finite gauge transformations. 

3 Invariant geometry of double field theory 

In this section we define the Riemann and torsion tensors appearing in double field theory 
along the lines of an invariant approach reviewed above. This means that we may freely 
choose to evaluate these objects with respect to a coordinate (holonomic) basis or with respect 
to an arbitrary (anholonomic) frame. This invariant formulation therefore provides a unified 
description of a 'metric-like' and 'frame-like' formalism. 

3.1 Covariant derivatives 

We start by introducing covariant derivatives or connections in the usual invariant fashion. 
One defines a connection V as a bilinear operator that, given two vector fields X, Y, provides 
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(3.2) 



a third: 

(X,Y) V X Y, (3.1) 
where bilinear means that for constants a, b and functions /, g on the manifold we have 

V x (aYi + bY 2 ) = aV x Y 1 + bV X Y 2 , 
V f x 1+9 x 2 Y = fV Xl Y + gV X2 Y. 
Moreover we must also have 

V x fY = X{f)Y + fV x Y. (3.3) 

We also write 

Vx/ = X(f) = X M d M f. (3.4) 
In that way we can make (|3.3|) look like a derivation: 

VxfY = {V x f)Y + fV x Y. (3.5) 

We require that the metric is compatible with the connection V, 

V X (Y,Z) = X(Y,Z) = (V X Y,Z) + (Y,V X Z). (3.6) 

Next, we extend the covariant derivative to arbitrary tensors. Consider a p-tensor K that, 
given p vector entries, gives a function (number) K(Xi, X 2 , ■ ■ ■ ,X p ). Its covariant derivative 
VK is defined as a p + 1 tensor: 

VK(X l ,X 2 ,--- ,X P ,W) = V w K(X h X 2 ,--- ,X P ), (3.7) 

where the Vw action on K gives a p-tensor defined by 

(V w K)(X 1 ,X 2 ,...,X p ) = W-K(X 1 ,X 2 ,...,X p ) 

— K ( VwXi,X 2 , . . . , X p ) 
-K(X 1 ,V w X 2 ,...,X p ) (3. 8 ) 

- K (Xi,X 2 , . . . , VwXp) . 

A useful subcase arises when the p-tensor K is defined via an inner product and a vector /C 
that is a function of p — 1 vectors: 

K(Xi,X 2 , . . . ,X p -i ,X p ) = <7C(Xl, X 2 , . . . , Xp-i) , Xp) . (3.9) 

Then 

VwK(Xi,X 2 , . . . ,X p -i ,X P ) = (Vw^C(Xi,X 2 , . . . ,X p -i) ,Xp) 

— </C ( V\yXi,X 2 , . . . X p -x),Xp) 

(3.10) 

- <X (X\,X 2 , . . . , VwXp-i),X p ) , 
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where we used (|3.6|) to cancel two terms with \7\yX p in the inner product. We see that the 
inner product remains as a spectator. 

The Lie bracket (|2.7|) of two vectors is another vector (but not a generalized vector), that 
can be defined by the action on a function as follows 

V[x,y]/ = [X,Y](f) = X(Y(f))-Y(X(f)). (3.11) 

Using our nabla notation for the action on functions we can write the above as 

Vfx.Y]/ = Vx(Vy/) - Vy(V X /) = [V X ,Vy]/, (3.12) 

and therefore for functions 

[Vx,Vy]/ = V [X)Y] /. (3.13) 

We also note the property 

[fX,Y] = f[X,Y]-(V Y f)X, (3.14) 
which by the various linearity and scaling properties implies that: 

v [/x,y] = / ^[X,Y] ~ (^Yf)Vx ■ 
^[X,gY] = 9 V[ X ,Y] + (Vx#)Vy . 



(3.15) 



Next, we compute the scaling properties of the C- and D-brackets under X — > fX, which 
will be needed later to verify tensor properties. We compute with the help of (|2.6p 



([fX,Y] c ,Z) = f([X,Y]c,Z)-(V Y fKX,Z) + ~(Vzf)(X,Y). (3.16) 



We also have the following scaling: 

Vrvvi - (VvflVv + 



V[fx,Y ]c = fV[x,Y ]c ~ (Vy/)V X +^<X,y>V v/ , (3.17) 



where again V/ is the vector with components d M f so that 

Vv/ = (d M f)V dM . (3.18) 

For the D-bracket we have 

V[/x,Y] D = /V tx ,y] D ~ (Vy/)V X +<X,y>V v/ , 

(3.19) 

As we can see, compared to the Lie bracket (|3.14j) . only the first input of the D-bracket scales 
differently. We also have 

([fX, Y] D , Z) = f([X, Y] D , Z) - (V Y f)(X, Z) + (V z f)(X, Y) , 

(3.20) 

<[X, gY] D , Z) = g([X, Y] D , Z) + (V x g)(Y, Z) . 
Another rescaling property is 

V[x,Y] c fz = fv [x ,Y] c z + (y [x ,Y]f)z , 3 2i 

V[X,Y] D fZ = fV[X,Y] D Z + (V [Jf) y]/)Z , 

which scale like the Lie bracket, since the action of the C- and D-bracket on functions is the 
same as that of the Lie bracket. 
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3.2 Generalized torsion 

We now aim to define a generalized torsion tensor. Before doing so let us first recall the torsion 
tensor of conventional differential geometry. Using lowercase letters to denote vector fields 

T(x,y) = V x y-V y x-[x,y]. (3.22) 

Here T(x, y) is itself a vector. We will find it convenient to define a torsion tensor with three 
inputs using the inner product: 

T(x,y,z) = (T(x,y),z) = (V x y - V y x - [x , y] , z) . (3.23) 

It is straightforward to prove the scaling (tensorial) property T(fx,y) = fT(x,y), 

T{fx,y) = Vf x y-V y fx-[fx,y] 

= fVxV - (fV y x + (V y f)x) - (f[x , y] - (V„/)z) (3.24) 
= fT(x,y) . 

Let us now generalize the torsion tensor (I3.22p . We want to change the bracket to the 
C-bracket, because otherwise we do not get generalized vectors. But that actually ruins the 
scaling property. This can be fixed with extra terms: 

T (X, Y, Z) = (V X Y - V Y X - [X, Y] c , Z) - ^(X, V Z Y) + ^<Y, V Z X) . (3.25) 

Note the second and third terms on the right-hand side use the Z entry in a nontrivial way. 
The scaling Z — > fZ works manifestly on both sides of the equation. The scaling X — > fX 
requires the extra terms and uses (|3.16p to show that it works. So this defines a generalized 
torsion tensor. Formally, this definition agrees with that given by Gualtieri, see Def. 3 in [35J. 

Let us now determine the component form of the torsion tensor in a coordinate basis, 
Zm = Sm- With respect to this basis we define (Christoffel) connection components via 

V dM {d N ) = T MN K d K . (3.26) 

A calculation then shows 

%{Sm,Sn,Sk) = {%)mNK = ^MNK 

in agreement with the definition given in |16j . 

The above torsion is based on the C-bracket 
tensor T using the D-bracket: 

T(X, Y, Z) ee (V X Y - V Y X - [X, Y] D , Z) + (Y, V Z X) . (3.28) 

A quick computation using (|3,20p establishes the tensorial nature of this definition. A calcula- 
tion shows that 

TmNQ = TlVINQ — ^NMQ + ^QMN ■ (3.29) 
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— Tnmk — -^Yknm + -^kmn , (3.27) 



. We can give an alternative, simpler torsion 



To see that this agrees with (|3.27p we use that the metricity condition (|3.6|) specialized to a 
coordinate basis: 



= BmVnk = (Vd M (dN),dK) + (dN,Vd M (dK)) = ^mnk + T M kn , (3.30) 

from which we infer the antisymmetry of Tmnk in its last two indices. We then see that 

Tmnq = ^mnq + ^nqm + Fqmn , (3.31) 

and therefore T is cyclic and totally antisymmetric and agrees with (13.27p . These are not so 
obvious from the geometrical definition, but short calculations using (I2.17P and (12.22P show 
that 

T(Y,X,Z) = -T(X,Y,Z)+(V Z X,Y) + (X,V Z Y)-Z(X,Y), 

(3.32) 

T(X,Z,Y) = ~T(X,Y,Z)+(VxY,Z) + (Y,V x Z)~X(Y,Z). 
Indeed, when the connection is compatible with the metric we get 

T{X,Y,Z) = -T{Y,X,Z) = -T(X,Z,Y). (3.33) 

For a further rewriting, we return to a general basis and use that for any vector X we have 
the expansion X = X M Zm so that 



(3.34) 



(Y,V X Z) = (Y,V Zm Z)X m = (Y,V Zm Z)(Z m ,X) 
= ((Y,V Zm Z)Z m ,X). 
With this result we can then write (|3.28p as 

T(X,Y,Z) = (THX,Y),Z), (3.35) 

with 

T r (X,Y) = V X Y- V Y X- [X,Y] d + (Y 1 V Za X)Z a . (3.36) 

This is the invariant form of the torsion tensor with one index raised with the 0(D, D) invariant 
metric. 

3.3 Generalized Riemann tensor 

We now attempt to define a generalized Riemann tensor. As a first try, we take the standard 
invariant definition (jl.4p of Riemannian geometry and replace the Lie bracket by either the 
Courant bracket or Dorfman bracket: 

R{X,Y)Z = (V x Vy- VyVx- V[X,Y] )Z ?, 

(3.37) 

R{X,Y)Z = (V X Vy-VyV X -V [X) y ]D )Z ? 

Recalling that both V[x,y]c^ anc ^ ^[X,Y] D Z rescale like V[x,y]Z under Z — * fZ (see (I3.2ip ). we 
conclude that these rescale correctly under Z —* fZ. Neither, however, rescales correctly under 
X — > fX, as can be seen from inspection of (13.170 and (I3.19p . In addition, for Y — > gY, the first 
(Courant) has anomalous rescaling while the second (Dorfman) has correct rescaling. Given the 
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extra simplicity of the Dorfman bracket we will now use it to attempt the full construction of a 
tensor 7Z. For the comparison below with formulas in the literature it is, however, convenient 
to give a name to the (non-tensorial) object defined with the C-bracket, 

R{X, Y, Z,W) = < (VxVy - VyVx - V[x,Y] c )Z , W) . (3.38) 

We begin now the construction of the covariant curvature. Using the metric to have extra 
flexibility in writing terms, we begin with 

H{X, Y, Z, W) = <(V x Vy - V Y V X - V [X ,Y] D )Z ,W) + ... , (3.39) 

where the dots denote terms to be added and so far the extra input W has played no role. 
Since we use Dorfman this definition is not X, Y antisymmetric. Clearly there is no rescaling 
problem with W. Again, as discussed above, there is no rescaling problem for Z. There is no 
rescaling problem for Y, since the Dorfman bracket transforms like the Lie bracket for scalings 
of the second argument, as can be seen by comparing (j3.20j) with (13.14p . and thus the proof of 
scaling for the ordinary curvature tensor suffices. The only problem is the scaling of X. 

Let us compute the anomalous term for X scaling in the above curvature, denoted by Anom, 
by which we mean the anamalous terms beyond those of the Lie bracket. This requires using 
the first equation of (|3.19|) . which gives 

AnomV [/I/]D = <X,y>V v/ , (3.40) 

so that in the above curvature we get an anomalous term 

Anom(-(V [fXX]D Z,W)) = - (X, Y)(V Vf Z, W) . (3.41) 

To cancel it we must add some term to the definition of the curvature. We want a term that is 
a generalized scalar with problematic X scaling and good Y scaling (and ideally good Z and 
W scaling). We can come quite close to this by adding the term 

ATI = (Y,V Za X)(W,V z aZ) . (3.42) 

In a coordinate basis this term would read Yr-(V^ 'X) Wn(V 'qZ) n . As desired, A1Z does not 
scale anomalously for Y. For X — > fX we have an extra anomalous term 

(Y,X)(Z A f)(W,V zA Z) = (X,Y)(V {ZA . f)zA Z,W) = (X,Y)(V Vf Z,W), (3.43) 

using (|2.18p . The above term cancels precisely (|3.4ip . Next, ATI has good scaling with W but 
now the Z scaling has been compromised. The new term A'lZ required to cancel the Z scaling 
of ATI is 

A'K = -(V [ZiW]d X,Y) , (3.44) 

as can be seen with the first equation in (I3.19p . But this time the conventional Z scaling and 
W scalings are ruined, since we do not have the extra terms in the curvature, so we finally take 

K(X,Y,Z,W) = <(V X Vy- VyVx- V[X,Y] D )Z,W) 

+ ((VzV w -V w V z -V [z , w]d )X,Y) (3.45) 
+ (Y,V Za X)(W,V z aZ). 
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One can now verify that all scalings work out so that TZ as defined here is a tensor. 

By definition, it is manifest that TZ is symmetric under the exchange of the first two inputs 
with the last two inputs: 

TZ(X,Y,Z,W) = n(Z,W,X,Y). (3.46) 

In ordinary geometry this does not hold unless the torsion vanishes. The antisymmetry in the 
first or second pair of arguments is not too hard to show. Consider the exchange of the first 
two arguments, 

K(Y,X,Z,W) = <(VyV x - V x Vy- V [YtX]D )Z,W) 

+ ((V z V w -V w V z -V [ZtW]D )Y,X) (3.47) 
+ (X,V Za Y)(W,V z aZ). 

To deal with the second line we recall (|3.13p and that acting on functions the Lie and D-brackets 
coincide: 

(V Z S/ W -V W S/ Z KX,Y) = V [ZjW]d (X,Y) . (3.48) 
Letting the derivatives act we find 

((V Z V W - V W V Z - V [ZW]D )X,Y) + (X,(V Z V W - Vh/Vz- V [z ,w] d )Y) = 0. (3.49) 

Using this in the second line of (|3.47p and using (|2.16|) in the first line we find 

n(Y, x, z,w) s - <(v x Vy - Vy Vx + v_ [xx]d+(Za(xx>z a)z , W) 

-((VzVw- V W V Z - V [zw]d )X,Y) (3.50) 
+ (X,V Za Y)(W,W z aZ). 

This gives 

K(Y,X,Z,W) ee _<( Vx Vy- VyV x - V [xx]d )Z,W) - (Z a (X,Y))(W,V z aZ) 

- <(V Z V W - V^Vz - V [Z>W]D )X, Y) (3.51) 
+ (X, S7 Za Y)(W,V z aZ). 
The last term on the first line combines with the last term of the right-hand side to give 

K(Y,X,Z,W) ee -<(v x Vy- VyVx- V [xx]d )Z,W) 

-((V z V w -V w V z -V [ZtW]D )X,Y) (3.52) 
-(Y,V Za X)(W,V z aZ). 

This shows that, as claimed, 

K(Y,X,Z,W) = -K(X,Y,Z,W) . (3.53) 

Next, we examine the component expansions. We write, 

K(X,Y,Z,W) = X M Y N Z k W l Kmnkl ■ (3.54) 
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In a coordinate basis the last term in the curvature formula (j3.45j) reads 

(Y N V dQ X N )(W K Vg Q Z K ). (3.55) 

By the scaling property we know that only the part without derivatives on any of X, Y, W and 
Z contributes to the curvature components. We thus find 

x MyN t Q mn Z K W L Tqkl ^ (3>56) 

giving the following contribution to TZmnkl- 

T Q mnT QKL ■ (3.57) 

Since the Dorfman bracket gives exactly the same derivative-independent terms as the Lie 
bracket or the Courant bracket, we have proven that the geometric definition of 7Z above 
coincides with the one in |16| : 

T^MNKL = RMNKL + RKLMN + ^ MN^QKL j (3.58) 

where the components of R arise from (I3.38P and read 

RMNKL = dM^NKL — Sn^MKL + ^MQL^NK ~ ^NQL^MK ■ (3.59) 

4 Algebraic Bianchi identity 

Here we apply the above geometrical framework to prove an algebraic Bianchi identity that 
holds without imposing the constraint that the generalized torsion vanishes. Specializing to a 
coordinate basis and setting the generalized torsion to zero, this leads to the algebraic Bianchi 
identity derived in |16| for the component Riemann tensor. 

4.1 Invariant form of algebraic Bianchi identity 

The algebraic Bianchi identity that we will prove can be written as 

ant 

£ (3K(W,X,Y,Z)-4V W T(X,Y,Z)-3T(W,X,THY,Z))) = 0, (4.1) 

W,X,Y,Z 

which holds for arbitrary vector fields X, Y, Z and W, and the sum is to be interpreted as 
complete antisymmetrization over the four arguments. In this form it looks weaker than the 
algebraic Bianchi identity in conventional Riemannian geometry, for the latter involves only an 
antisymmetrization over three rather than four arguments. It turns out, however, that due to 
the extra pair exchange symmetry (|3.46p of the generalized Riemann tensor (as compared to 
the conventional one) this form of the Bianchi identity is equivalent to a similar identity with 
antisymmetrization over three arguments only, as we will now show. 

To this end we find it convenient to write (j4.ip with respect to the coordinate basis, which 
then reads 

3K[mnkl] = 4V[ M 7tv^l] + 3T[mn Q Tkl]q ■ (4-2) 
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We will now show that this identity is equivalent to 

eye eye 



M,N,K M.N.K 



2_i T^mnkl = —VlTmnk + ^ [y mTnkl + Tmn Q Tklq\ , (4.3) 



where the cyclic sum extends over three arguments. First, note that the cyclic sums actually 
create antisymmetry in three indices. For this recall that for a three-index tensor Sabc that is 
antisymmetric in two indices, complete antisymmetrization is equivalent to the cyclic sum, 

eye 

Sabc = -Sbac => 2j ^abc = 3S[abc] ■ (4-4) 

A,B,C 

Recalling that T is totally antisymmetric, we can use this to rewrite (j4.3j) as 

3JL[mnk]l = —VlTmnk + 3V[ M Tnk]l + 3T[mn Q Tk]lq ■ (4-5) 
To proceed further consider the antisymmetrization identities 



eye 1 + eye 



S 



[ABC] 



q 2 S A[BC] i S[ABCD] = J 2j S A[BCD] > (4.6) 



A,S,C A,B,C,D 



where the + indicates that the cyclic sum alternates signs. The second identity implies that 

V[mTnkl] = mT[nkl]~^ nT[klm]+^ kT[lmn]~^ lT[mnk]) ■ (4-7) 
The total antisymmetry of T allows us to delete the [. . .] on its indices and thus we have 

^[mTnkl] = j(y 'mTnkl + V 'nTkml + V 'kTmnl + V 'lTmkn^J , (4.8) 
where we used the antisymmetry of T to rearrange indices. This in turn can be rewritten as 

eye 

4V[m7/va'l] = —VlTmnk+ X VmTnkl = —VlTmnk + &V[mTnk]l> (4.9) 

M,N,K 

where we used (|4.4j) . Thus, the combination of terms on the right-hand side of (|4.5|) with 
covariant derivatives on the torsion is actually totally antisymmetric in four indices and so 
(|4.5|) becomes 

3TZ[mnk]l = 4V[ M T NKL ] + 3T[mn Q Tk]lq ■ (4-10) 

This equation suggest that the left-hand side is actually antisymmetric on the four indices, 
which we now show. This fact is a consequence of the antisymmetry in each pair and the 
symmetry under pair exchangjf] 



Tt[MNK]L = -^[T^MNKL + TZ-NKML + T^KMNL 



-(^—T^MNLK — TIlMNK — Tt-NLMK^ = ~^[MNL]K ■ 



(4.11) 



5 Recall that this property of the generalized Riemann tensor holds even with torsion. This is not the case for 
the conventional Riemann tensor. 
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Being thus antisymmetric in its four indices the Riemann tensor satisfies 

^-[MNK]L = 7Z[[MNK]L] = ^[MNKL] • (4-12) 

A completely analogous analysis shows that the combination T[mn®Tk]lq is a l so totally anti- 
symmetric in M,N,K, and L. Using this in (|4.10p finally proves that (|4.2p follows from (|4.3p . 
thus showing their equivalence. 

We can understand group theoretically that for the generalized Riemann tensor antisym- 
metry in three indices implies antisymmetry in all four. Since 1Z is antisymmetric in its first 
two and second two indices it lives in the tensor product 



© 



© 



© 



(4.13) 



By definition, however, 1Z has the exchange symmetry between the two index pairs indepen- 
dently of the torsion constraint. Therefore, 1Z belongs only to the symmetric tensor product 



© 



sym 



© 



(4.14) 



and therefore 



Antisymmetrization in three indices eliminates the window Young tableau 
only the totally antisymmetric part survives. In the form (|4.ip the algebraic Bianchi identity 
is relatively easy to prove, as we do below. 



4.2 Invariant proof 

We will now give an invariant 'index-free' proof of the algebraic Bianchi identity (I4.ip (and thus 
of its equivalent forms (j4.3j) and (j4. 10p ) ■ We first write ()4.ip as 

K(W,X,Y,Z) - ^(V W T)(X,Y,Z) - T(W,X,THY,Z)) = , (4.15) 

where from now on we will leave the totally antisymmetric projection implicit. One important 
simplification due to the antisymmetry is that we can replace D-brackets for C-brackets, because 
these are precisely the antisymmetrization of D-brackets. Thus, we can replace [X, Y]u by 
[X, Y]c and, by linearity, V[x,y]d ^[x,Y] c - Therefore, we get 

TZ(W,X,Y,Z) = 4(V w VxY,Z)-2(V [w , x]c Y,Z) + (X,V Za W)(Z,V z aY) . (4.16) 

Let us consider the double torsion term in (|4.15p . We compute with (|3,28p and (|3,36p 

T(w, x, r T (y, z)) = r{w, x, 2v Y z - [y, z] c + (z, v Za y)z a ) 

= ( 2V W X - [W, X] c , 2V Y Z - [Y, Z] c + (Z, V Za Y)Z a ) 

+ (X, ^ 2V Y Z-[Y,Z] C +(Z,V z A Y)ZAW) 

= A(V W X,V Y Z) - A(V W X, [Y, Z] c ) + <[W,X] C , [Y, Z] c ) 
+ \Z> ^ 2V w x-[w,x} c Y y 

+ 2{X, V VyZ W) - (X, V [Y ,z] c W) + (Z, V Za Y) ■ (X, V z aW) . 
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Here we have used (|3,34p to obtain the term in the second line of the last equality. The same 
term, when expanded, gives terms that combine with the first two of the last line. We finally 
get (changing the overall sign) 

-T(W,X,THy,Z)) = - 4(V W X,V Y Z) + A(V W X,[Y, Z] c ) - ([W,X] C ,[Y, Z]c) 

(4.18) 

- 4<Z, V VwX Y) + 2(Z, V [w , x]c Y) - (ZV Za Y) (XV z aW) . 

Notice that the last two terms in here and in (I4.16P are the same and thus cancel out in the 
Bianchi identity. 

Let us now compute the remaining term in (|4,15p . the covariant derivative of the torsion. 
Recalling the total antisymmetry that is left implicit and using ()3.8[) we get 

V W T{X, Y,Z) = W ■ T(X, Y, Z) - 3T(y, Z, V W X) 

= W-(2V X Y-[X,Y] C ,Z) + W-(Y,V Z X) (4.19) 

- 3(<2VyZ - [Y, Z] c , V W X) + (Z, V VwX Y)) 



Letting the W- act inside the inner product for all terms except the (JX,Y]c,Zy, using the 
metric compatibility (13. 6ft . and simplifying using the antisymmetry one finds 



V W T(X,Y,Z) = 3(V w VxYZ) - 3(V w X,V Y Z)-W-([X,Y]c,Z) 

(4.20) 

+ 3 (V W X, [Y, Z] c )-3 (Vv^y, Z) . 
Multiplying by —4/3 we have 

~V W T(X,Y,Z) = -A{V W V X Y,Z) + 4(V W X,V Y Z) + ■ ([X,Y] C , Z) 
6 6 (4.21) 

- 4<V W X, [Y, Z] c ) + 4(Vv w xY, Z) . 

We can now add the three equations (|4.16p . (|4.18p and (|4.2ip to find that all terms except two 
cancel, 

H(W,X,Y,Z) - Uv w T)(X,Y,Z) - T(W,X,THY,Z)) 

(4.22) 

= ^W-([X,Y]c,Z)-([W,X] c ,[Y,Z]c). 

It remains to prove that the above right-hand side vanishes. For this we use (|2.23j) . which gives 

W-(X,[Y,Z] C ) = ([W,X] c ,[Y,Z]c) + (X,[W,[Y,Z] c ]c) 

1 (4-23) 
+ - [Y, Z] c ■ (W, X) + -X- (W, [Y, Z] c ) . 

Because of the implicit antisymmetry, the first term on the second line vanishes and the second 
term on the second line can be moved to the left-hand side, 

~W-(X,[Y,Z] C ) = ([W,X]c,[Y,Z]c) + (W,[[X,Y]c,Z] c ), (4.24) 
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where we also used the total antisymmetry in the last term. This last term is the C-Jacobiator 
(|2.2ip which, assuming multiplication by antisymmetric projectors, reads 

J C (X,Y,Z) ee 3[[X,Y] c ,Z]c , (4.25) 

so that (|4.24p becomes 

^W-([X,Y] C ,Z) = ([W,X] c ,[Y,Z]c)+l(W,Jc(X,Y,Z)). (4.26) 
Using (|2.2ip and the antisymmetry we can use 

J C (X,Y,Z) = ~d([X,Y] c ,Z) => (W,J C (X,Y,Z)) = ±W-([X,Y] C ,Z). (4.27) 
Inserting this in (|4.26p we get 

^W-([X,Y] C ,Z) = ([W,X]c,[Y,Z]c)+lw-([X,Y] c ,Z), (4.28) 
2 b 

so we finally have 

^W-([X,Y] C ,Z) = ([W,X]c,[Y,Z]c). (4.29) 

This is the desired identity, and therefore the right-hand side of (|4.22p vanishes and we have 
proven the algebraic Bianchi identity. 



5 Connection with generalized geometry 

In this section we make contact with results in the literature on generalized geometry. This 
introduces the generalized metric. It will also be useful below when we compare with the frame 
formalism of Siegel. 

5.1 Generalized metric 

We now introduce the generalized metric. In this subsection we closely follow the treatment 
in generalized geometry as given by Gualtieri in [35J. We first note that on the (generalized) 
tangent space TM with 0(D,D) metric (• , •) we can select a -D-dimensional basis C+ which is 
positive definite with respect to the inner product (•,•). This choice corresponds to a choice 
of generalized metric. The orthogonal complement C_ is also D-dimensional and negative 
definite@ We thus have 

TM = C+®C-. (5.1) 
For arbitrary vectors X,Y e TM we write decompositions 

X = X + + X- , Y = Y+ + y_ . (5.2) 

6 In double field theory we often consider the full spacetime metric, i.e., a metric of Lorentzian signature. Then 
we should consider a decomposition into subspaces C~ each of Lorentzian signature (but with opposite overall 
sign). This generalization is straightforward and so we spell out only the details for positive definite signature. 



21 



(5.5) 



We now define the generalized metric tensor T-L(X, Y) by the relation 

H(X,Y) = (X + ,Y + ) - <X_,y_>. (5.3) 
This is sometimes written schematically as 

n = <> >| c+ -<. >lc_ • ( 5 - 4 ) 

We can use the orthogonality of the subspaces C + and C_ to write 

h(x,y) = <x+ + x_,y+> - <x+ + x_,y_> 
= (x,y + ) <x,y_>, 

and we conclude that 

-H(X,Y) = (X,Y + -Y_) = (X + -X_,Y). (5.6) 

We now define the linear operator S by 

SX = X+-X-, (5.7) 

i.e., it changes the overall sign of the part in C_ but leaves C+ invariant. It follows that the 
operator squares to one and that it preserves the C+ spaces: 

S 2 = 1, SX+ = +X+. (5.8) 

This allows us to rewrite (|5.6|) as 

H(X,Y) = (X,SY) = (SX,Y), (5.9) 
demonstrating that S is a symmetric map. It is also an automorphism since by (|5.8p 

(SX , SY) = (X,S 2 Y) = (X,Y). (5.10) 

Let us now phrase the covariant constancy of the generalized metric in these invariant terms. 
We want to impose 

VU = 0, and Vr; = 0, (5.11) 
where the last condition is equivalent to (|3.6p . We compute for the first with 



= VH(X,Y,Z) =V z n(X,Y) 

= Z ■ H(X, Y) - H{V Z X, Y) - H(X, V Z Y) (5.12) 
= Z-(X, SY) - (V Z X, SY) - (X, SV Z Y) . 
The relation Vr/ = implies with (|3.6p 

Z-(X,SY) = (V Z X,SY) + (X,V Z SY) . (5.13) 
Insertion into (|5.12p then yields 

= (X,V Z SY) - (X,SV Z Y). (5.14) 
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We thus learn that the linear map S commutes with covariant differentiation, 

V X S = SV X . (5.15) 
Thus the spaces C+ and C_ are preserved by covariant differentiation: 

V x : C+ — C+ , VI. (5.16) 
It is also simple to see that for certain inputs the C- and D-brackets coincide: 

[x + ,y_] D = [x+,y_] c . (5.17) 

This follows because the C- and D- brackets differ by a term proportional to the derivative of 
(X + , Y_) = 0, as we can see from (|2.15|) . 

5.2 Implications for connections and curvature 

We derive now some conclusions for the connections and our curvature tensor with respect 
to the splitting TM = C + © C_. Let us first summarize the constraints imposed so far and 
introduce a final one, item (3) below, that introduces the dilaton: 

(1) The generalized torsion vanishes, T(X, Y,Z) = for all X, Y, Z. 

(2) The 0(D, D) metric and the generalized metric are covariantly constant, 

VU = 0, Vr] = 0. (5.18) 

(3) The density e~ 2d allows for integration by parts as 

JV M /divl/ = -je~ 2d Vf, (5.19) 

for any function (scalar) / and vector V, where the divergence is defined as 

chW = (V Za V, Z A ) . (5.20) 

Next we derive some useful relations for various connection components, written using the 
splitting of the tangent bundle. We first note that the torsion constraint allows some nice 
simplification. With (|3.28|) we infer 

= T(X + ,Y_,Z) = (V x+ Y-- V Y _X + -[X +1 YJ] D , Z) + (Y_,V Z X + ) . (5.21) 

The last term vanishes and the above holds for all Z, so that we find 

V x+ Y„ - Vy_X+ = [X + ,YJ\ D = [X + ,YJ\ C . (5.22) 

In order to gain further insights we start from the metric compatibility 

X ■ <y, Z) = (V X Y, Z) + (Y, V X Z) , (5.23) 
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so that using the torsion constraint for the second term we find 

X ■ (Y, Z) = (V X Y, Z) + (Y, V Z X) + <Y, [X, Z] D ) - (Z, VyX> . (5.24) 
Moving the third term on the right-hand side to the left, and using (|2.22p . we get 

<[X, Y] D , Z) = (V X Y, Z) + (Y, V Z X) - (Z, VyX) . (5.25) 
Making choices for which only the first term in the above right-hand side is nonzero we find 

{V X Y + ,Z + ) = ([X-,Y+] D ,Z + ), 

(5.26) 

<v x+ y_,z_> = <[x+,y_] d ,z_>. 

These equations explicitly determine the corresponding projections of the connection in terms 
of the D-bracket. Since Vx_Y + does not have have a component in C_ and V 'x + Y~ does not 
have a component in C+ (see (I5.16|) ). back to (15.260 we see that 

(5.27) 

v x+ y_ = [x + ,y_] d _. 

We could also trade the above D-brackets for C-brackets. As a consistency check we can also 
confirm that the torsion constraint ()5.22j) is satisfied. Indeed, using the above expressions and 
recalling that for C + , C_ inputs the D-bracket is antisymmetric we find 

v x+ Y- - v Y _x + = [x+,y_] D _-[y_,x+] D+ 

= [x + ,y_] D _ + [x + ,y_] D+ (5.28) 

= [X+,Y-] D . 

So far we have derived relations that determine certain projections of the connection that 
are 'off-diagonal' with respect to the decomposition C+ © C_. Next, we derive an equation 
that determines the totally antisymmetric part of the connections. We begin with (|5.25p and 
rewrite the last term using metric compatibility, 



(5.29) 



<[X, Y] D , Z) = (V X Y, Z) + (Y, V Z X) - (Z, V Y X) 

= (V X Y, Z) + (V Z X, Y)-Y (Z, X) + (X7 Y Z, X) . 
It follows that 

eye 

([X,Y] D ,Z) + Y(Z,X) = J] (V X Y,Z). (5.30) 

X,Y,Z 

The left-hand side is not manifestly cyclic but it is cyclic. Indeed, 

([X,Y] D ,Z) + Y(Z,X) = ([X,Y] D ,Z) + ([Y,Z] D ,X) + (Z,[Y,X] D ) 

= ([Y,Z] D ,X) + ([X,Y] D + [Y,X] D ,Z) (5.31) 
= ([Y,Z] D ,X) + Z(X,Y), 
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where we used (|2. 16j) in the second line in order to rewrite the symmetric part of the D-bracket. 
This proves the cyclicity in X, Y, Z. We therefore have 



eye - eye 

2 (V X Y,Z) = - J] U[X,Y] D ,Z) + X(Y,Z)), (5.32) 

X,Y,Z X,Y,Z 

which determines the totally antisymmetric (cyclic) part of the connection. 

Let us summarize and interpret our above results. First, for the connection coefficients T in 
a coordinate basis, defined in (|3,26p . the relation (|5.32p shows that the totally antisymmetric 
part vanishes, T[ MNK ^ = 0, because on the right-hand side the 0(D,D) metric is constant and 
the D-bracket is zero. Second, off-diagonal projections of the connections are determined by 
(|5,27p . This leaves a 'Hook-like' Young tableau in the connections coefficients undetermined, 
but whose trace part is determined by the dilaton according to constraint (3) above. This leaves 
the traceless part of this representation undetermined; the connections cannot be determined 
completely by means of covariant constraints. 

It is instructive to write and count the connection components with respect to a coordinate 
basis, also to make contact with the explicit results in [16]. First we have to introduce some 
notation. Because of S 2 = 1, see (|5.8p . one can define projection operators P+, mapping 
P+(TM) = C+, by 

P± = \ (1 ± S) , (5.33) 
so that P+ = P+ and P+P- = 0. For any 0(D, D) tensor V we introduced in [16] the notation^) 

Vm = {P+)m N Vn , V M = (P-)m N V n , etc. (5.34) 

Contracting now the defining relation (|3.26p for the Christoffel symbols with P + and P_ and 
employing this notation we obtain 

{p + ) M K {p_) N p v dK {dp) = r MN p d P . (5.35) 



Moving the projectors inside the covariant derivatives, remembering (|3.3p . yields 

V {P+d)M {P-d) N ~{P + ) M K d K {P-)N P dp = T^/dp, (5.36) 

where (P + B)m = (P+)m N Sn, etc. Completely analogously we have 

V { p_ e)N (P + d) M -(P-) N K d K (P + ) M P dp = T m P d P . (5.37) 

Subtracting (|5.37p from (|5.36p we obtain 
V iP+8)M (P-d) N -V {P _ 8)N (P + d) M = [{P + )M K d K {P-)N P -{P-)N K d K {P + )M P ]d P 



(5.38) 



On the other hand, by (|5.28p the left-hand side can also be written with the D-bracket, 

V iP+8)M (P-d) N -V iP _ d)N (P + d) M = [P +m ,P-n] d , (5.39) 



7 In order to compare with [T^ set P+ = P and P- = P. 
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where we interpret P+m as a generalized vector with vector index N, treating M as a pure 
label index. Using (|2. 12[) this D-bracket reads 

[P+m,P-n] d = {(P+)M K d K (P-)N P -(P-)N K d K (P+)M P + d P (P + ) M K(P-)N K )dp . (5.40) 

This has to be equal to the right-hand side of (|5.38p and so we have arrived at a relation 
determining T, 

Fmnp ~ ^NMP = dp{P + ) M K {P-)n K , (5.41) 

where we dropped the basis vectors dp and lowered the index P. We see that various terms 
cancelled. Since the totally antisymmetric part of V vanishes we can rewrite the left-hand side 
as T M ^ P + T^pM = -TpMx, so that we finally get 

r P MN = -{P-)N K dp{P + ) MK , (5.42) 
which is in agreement with eq. (2.54) in [16J. 

We close the discussion of the connection components by counting the number of undeter- 
mined connections. Without any constraints, Tmnk has (2D) 3 = 8-D 3 components. We next 
subtract the numbers of independent constraints, which will give the number of undetermined 
connections: 



• Metric compatibility: 

r M (NK) = : 2D- 2D{2D 2 + 1} = ~ • 8D 3 + 2D 2 . (5.43) 

• Vanishing torsion: Using metric compatibility, the torsion components Tmnk are totally 
antisymmetric. Thus, the number of constraints is 

2D '(2D - 1) (2D - 2) 1 - „ 2 . 

S: LS L = - . 8D S - 2D 2 + -D . (5.44) 

6 6 3 

• Covariant constancy of 7i: the independent components determined by this constraint 
are given by (I5.42p . so that we obtain the number (2D)D 2 = 2D 3 . 

• Trace constraint and dilaton: this constraint determines the trace part Tkn K > thus adding 
2D constraints. 



In total, the number of undetermined connections is given by 

8L> 3 - (-8D 3 + 2D 2 ) - (-8D 3 - 2D 2 + -d) - 2L> 3 -2D = -D(D 2 - 4) , (5.45) 
V2 / \6 3 / 3 

in agreement with the counting in [8] and in agreement with the dimension of two traceless 
Hook tableau representations of GL{D). 

Let us finally derive some conclusions for certain projections of the generalized Riemann 
tensor. This tensor TZ(X, Y, Z, W) defined in (|3.45p is antisymmetric under the exchange of X 
and Y as well as under the exchange of Z and W. We can now give an alternative formula 
using the Courant bracket by making the symmetries explicit by the relation 

K{X,Y,Z,W) = -(n(X,Y,Z,W)-U(Y,X,Z,W)-n(X,Y,W,Z)+TZ(Y,X,W,Z) S j . (5.46) 
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Since the D-bracket differs from the C-bracket only by a term symmetric in the arguments we 
can replace in the right-hand side the D-bracket by the C-bracket. One finds 



K(X,Y,Z,W) = <(V x Vy- VyVx- V [x , Y]c )Z,W) 
+ <(VzV w - V W V Z - V [z>w]c )X , Y) 



1 , (5-47) 



-((Y,V Za X)(W,V z aZ) - (X,V Za Y)(W,V z aZ) 

-(Y,V Za X)(Z,V zA W) + (X,W Za Y)(Z,V zA W)\ , 



where we used (|3.49p . that holds for the C- and the D-bracket. Note that the equivalence of 
the two expressions for the curvature 1Z only holds when the connection is compatible with the 
0(D,D) metric. We now see that 

K(X + ,Y_,Z,W) = <(V X+ Vy_ - Vy_V x+ - V [x+x _ ]c )Z,W), (5.48) 

since the covariant derivatives preserve the orthogonal + and — subspaces and so only the first 
line in (|5.47j) is non-zero. As a simple consequence 

K(X + ,Y_,Z + ,W-) = 0. (5.49) 

Using the algebraic Bianchi identity we also see immediately that 

K(X + ,Y + ,Z_,W^) = 0. (5.50) 



6 Relation to frame formalism 



In this section we evaluate the geometrical quantities with respect to a frame basis in order to 
make contact with the frame formalism of Siegel. In particular, we will show how the constraints 
of Siegel are recovered from our constraints above and that the Riemann tensor reduces to the 
curvature of the frame formalism. 



6.1 Generalities 

We introduce a general ('frame') basis Ea = Ea M 9m, with A = 1, 2, ... , 2D and with Em A , 
defined to be the inverse of Ea M , assumed to exist. The frame basis is not necessarily orthonor- 
mal, so we define 

Gab = (E A ,E B ). (6.1) 

We will assume that the basis Ea respects the decomposition (|5.ip of the tangent space into 
C+©C_. More explicitly, the basis decomposes as Ea = (E a , Ea), where indices a, b = 1, . . . , D 
refer to C_ and indices a, b = 1, . . . ,D refer to C + |j so that for the 0(D,D) invariant inner 
product we have the constraints 

G al = (E a ,E- b ) = , det (G ab ) < , det > . (6.2) 
8 The convention for unbarred and barred indices here is chosen such that it complies with that of [8]. 
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We also define 

Uab = H(E A ,E B ). (6.3) 
With respect to the basis Ea we then introduce spin connection components ujab as 

Ve a E b = -ujab C E c , (6.4) 

similar to the Christoffel-like connections (|3,26p . In physicists terminology the spin connections 
are related to the Christoffel connections via a 'vielbein postulate' that states that the 'vielbein' 
or frame components Ea m are covariantly constant with respect to the simultaneous use of 
the Christoffel and spin connection. In this invariant formulation this is not an independent 
postulate but rather follows directly: 

V Ea E b = E A M V dM (E B N d N ) = E A M {d M E B N d N + E B N V dM {d N )) 

(6.5) 

= Ea (8m E b + Tmk E b )Bn = —uab Eq On, 
where we used (|3.26p and (|6.4p . Bringing the right-hand side to the left-hand side, we get 

E A M {d M E B N + T MK N E B K +uj M B C E c N )d N = 0. (6.6) 

This implies the vielbein postulate in the usual form 

V M E A N = d M E A N + T M K N E A K + lo ma B E b n = 0. (6.7) 

Here we introduced the notation Vm for the covariant derivative with respect to both the 
Christoffel and spin connection, which acts in the usual way on tensors with an arbitrary 
number of curved and flat indices. We will also write Va = Ea Mj ^m- Let us stress that here 
and below we employ the physicists notation for covariant derivatives with a pure letter as an 
index, as opposed to covariant derivatives like Vg M used in the nomenclature of mathematicians. 

Finally, let us discuss the generalized metric in this basis. As S(X+) = +X+ for the 
endomorphism introduced in sec. 15.11 we have 

S(E a ) = -E a , S(E- a ) = E a . (6.8) 

Therefore, the frame components of the generalized metric as defined in (|5.9p are given by 

Uab = U{E a ,Eb) = (E a ,S(Eb)) = —(E a ,Eb) = —<3 a b, 

(6.9) 

Ual = n(E- a ,E- b ) = (E- a ,S(E- b )) = (E- a ,E- b ) = Q- al . 
Moreover, since S preserves the orthogonal subspaces we have 

Hal = n(E a ,E- b ) = 0. (6.10) 

We can finally express the generalized metric in a coordinate basis in terms of the frame com- 
ponents. We have 

Hmn = U{d M ,d N ) = U{E M A E Al E N B E B ) = E M A E N B U A B, (6.11) 

where Em A denotes the inverse of Ea m ■ Inserting the non- vanishing components (|6.9p of 1-Lab 
we get 

Hmn = EM a EN b G ab — EM a EN b G ab = EM a E^ a — EM a EN a , (6.12) 

where indices are contracted with Gab- This coincides with the expressions for the generalized 
metric in terms of the frame fields given in [HE]. 
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6.2 Constraints 



We now give the various constraints in the frame formalism and show that they are equivalent 
to those in Siegel's original approach. We start with the constraint stating compatibility of 
the connection with the generalized metric. According to (|5.16p this constraint is equivalent 
to the condition that the connection preserves the subspaces C+. In the frame basis (E a ,Ea) 
this amounts to the constraint that the connection coefficients (|6.4p are only non-vanishing for 
UAa b and UAa b , and that there are no 'off-diagonal' components. Put differently, the structure 
group takes the factorized form GL{D) x GL{D). In Siegel's formalism this is assumed from 
the outset, so in this formulation covariant constancy of the generalized metric is automatic. 

Next, we inspect the constraint (|6. 13[) stating compatibility of the 0(D,D) metric ( , ) and 
the connection, 

V Z (X,Y) = Z(X,Y) = (V Z X,Y) + (X,V Z Y) . (6.13) 
Specialized to the anholonomic basis Ea it implies 

E A (E B ,E C ) = EaGbc = (V Ea Eb,Ec) + (E b ,Ve a E c ) 

(6.14) 

= —UAB QdC — ^AC GdB , 

and thus 

V ' aQbc = EaQbc + ujab d Gdc + uac D Gdb 

(6.15) 

= EaQbc + UABC + UACB = . 

This is the covariant constancy of the tangent space metric imposed in Siegel's frame formalism 
as one of the constraints. 

Finally, we inspect the constraint of vanishing torsion. The torsion tensor (13.28P evaluated 
for the basis Ea reads 

T(E A ,E B ,E C ) = (Ve a Eb-Ve b Ea-[Ea,E b ] d ,E c ) + (E b ,V Ec Ea> . (6.16) 

In order to compare this with the torsion constraint in the frame formalism we introduce some 
notation. As in [8] we define generalized 'coefficients of anholonomy' £Iab C by use of the 
C-bracket: 

[E A ,E B ] C = n AB C E c , (6.17) 

where we stress again that this equation holds generally, not only when acting on functions 
satisfying the strong constraint. With (|2.15p we then find for the D-bracket 

[E A ,E B ] D = [Ea,E b ] c + ^{E c (E a ,E b ))E c = (Sl A B C + \e c Gab)E c ■ (6.18) 

Inserting this into (|6.16p and using (|6.4p we find for the torsion 

1 

T(Ea, E b ,Ec) = —^abc + ubac — ^abc — -EcGab — ^CAB 

1 1 (6-19) 

= ABC + 2(w[ J 4B]C + TjUciAB])) - ^{ E cQab + ^C(AB)) ■ 
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Comparing with eq. (2.21) of [S] we infer 

T(Ea,E b ,E c ) = -TI bc -\vcGab , (6.20) 

where denotes the torsion tensor of Siegel. Since we assume the metricity constraint (|6.15p it 
follows that vanishing generalized torsion is equivalent to the zero torsion constraint in the frame 
formalism. Moreover, constraint (3) in sec. 15.21 determining the trace of the connection in terms 
of the dilaton, coincides with one of the constraints in Siegel's frame formalism. Summarizing, 
all constraints imposed here agree with the constraints in the frame formalism. 

We close this subsection by giving the explicit spin connection components solving the above 
constraints, which can be determined immediately from the results in sec. 15.21 First, specializing 
the first equation in (|5.27p to the frame basis we find 

V Ea E- b = -u a fE- c = [E a ,Ei\ c+ = Q a fE- c , (6.21) 

where we noted that for off-diagonal projections we can replace the D-bracket by the C-bracket, 
and we inserted (|6.17p . From this we conclude that u ab ^ = —VL a i c . The analogous relation for 
the opposite projection follows from the second equation in (|5.27p . and so we have in total 

u a i 5 = -n a f, uj- ab c = -n- ab c , (6.22) 

which agrees with eq. (2.34) in [8]. 

Next, we inspect (|5.32|) . which determines the totally antisymmetric part of the connection. 
Specializing to the frame basis we get 

eye eye 

2 (V Ea E b ,E c ) = - ^ [([Ea,E b ]d,E c ) + E A (E B ,E C )) . (6.23) 

A,B,C A,B,C 
Using (|6.4p on the left-hand side and ()6.18j) on the right-hand side this reads 

eye 
3 A,B,C 

Next we can use the metricity (|6.15p in order to rewrite all derivatives of Q in terms of u. 
Bringing then all uj terms to the left-hand side it is a straightforward computation to show that 
this is equivalent to 

U[ABC] = ~^[ABC] i (6.25) 

in agreement with eq. (2.32) in jSJ. 

Summarizing, the constraints (1) and (2) in sec. 15.21 determine the following connection 
components ojabc'- the off-diagonal projections, for which the first index and the second two 
indices belong to opposite subspaces C+, are determined by (|6.22p ; for the diagonal projections 
the part symmetric in the last two indices is determined by (|6.15p . while the totally antisym- 
metric part is determined by (|6.25p . This leaves the 'Hook Young tableaux' representation |— |— ' 
undetermined. The trace part, however, is determined by constraint (3) in sec. 15.21 in terms of 



1 / 1 \ 

- UABC - UBCA- UCAB = ^ 2j {^ABC + ^E C Gab + EaGbc) ■ ( 6 - 24 ) 
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the dilaton (see, e.g., eq. (2.37) in [8]). Thus, the undetermined part, which we denote by u), 
takes values in the traceless Hook representation: 



^abc 



(6.26) 



and completely analogously for the second GL{D). This will be instrumental for the analysis 
in sec. 16.41 below. 



6.3 Riemann tensor 

Let us now evaluate the generalized Riemann tensor with respect to the frame basis and verify 
that it is equivalent to the Riemann tensor in Siegel's formalism. We thus want to compute 

n ABC D = K(E A ,E B ,E C ,E D ) . (6.27) 

It is again convenient to introduce some notation. We write for the frame components of the 
(non-tensorial) Riemanndike tensor given in (13.38P 

Rabcd = -R(Ea,E b ,E c ,E d ) = -{{V e a ^ e b -'Veb'Vea — V[e a ,e b ] c )Ec,Ed) 

= (E a oj bc F Ep + u bc F Ve a E f -{A «- B) + n AB F V EF E c , E D ) (6.28) 

= (Ea^BC F — E B LO B c ,F — U>BC E UAE F + UAC E U B E F ~ ^AB E ^EC F ) G F D , 

using in the second line (I6.17j) . The object Rabcd so defined agrees with the object with the 
same name in [8]. The combination in the generalized Riemann tensor (I3.45P contains the D- 
rather than the C-bracket, and so we have to compute the difference. With (16.18|) we have 

-V[e a ,e b ] d Ec = -^[e a ,e b ] c E c ~ ^E D g AB V ED E c 

[ (6-29) 

= —V[e a ,e b ] c Ec + -E d Gab^dc E E B ■ 

We then conclude with (16.28P 

((Ve a Ve b -Ve b Ve a -V[e a ,e b ] d )Ec,Ed> = -Rabcd + \e e Gab^ecd , (6.30) 

where as usual we raise and lower frame indices with Gab- The final term in the last line in 
(|3.45p simply reads 

(E B ,Ve f E A )(E D ,S/ e fE C ) = UJ FA BU F CD- (6.31) 
The full Riemann tensor is then finally given by 

TZ(E A , E b ,Ec,Ed) = - Rabcd - Rcdab + ojeab^ e cd 

1 1 ( 6 - 32 ) 

+ -E Gab uecd + tE Gcd ^eab ■ 

In order to compare with Siegel we rewrite the derivatives of G as covariant derivatives as in 
(I6.15p . which gives after a short computation 

K(Ea, E b ,Ec, Ed) = — ( Rabcd + Rcdab + -^ecd ^ e ba + -^eab u e ' dc 

x \ N (6-33) 

- -^ECD V E GAB - -0JEAB ^ E GcD 
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Comparison with eq. (2.50) of |8j then shows 

K(Ea,E b ,E c ,E d ) = -2K S ABCD , (6.34) 

with 1Z S denoting the Riemann tensor in the frame formalism, which is what we wanted to show. 
We may also impose the metricity condition for Q, in which case the second line vanishes. The 
resulting Riemann tensor then agrees with eq. (2.48) of |8j. 

Since we have now shown that the invariantly defined generalized Riemann tensor (|3.45p 
reduces for a frame basis to the Riemann tensor of Siegel's frame formalism we can immediately 
derive some conclusions from our previous results. First, the identity (|5.48[) shows that for 
certain index projections the generalized Riemann tensor reduces to the naive one ()6.28j) . 

TtabCD = RabCD ■ (6.35) 

Second, the identity (|5.49p implies for the frame basis 

Kabcd = 0. (6.36) 
Finally, the algebraic Bianchi identity (I4.ip reads for vanishing torsion 

K[ABCD] =0 => TZ [ABC]D = , (6.37) 
where the last implication follows as in sec. I4.14 which in combination with (16.36P implies 

K- alcd = . (6.38) 

It may be very tedious to verify identities like (|6.37p and (|6.38|) using the component expression 
(|6.33p . but here, employing a proper geometric framework, we almost get them for free. 



6.4 Physical content of the Riemann tensor 



We now analyze to what extent the generalized Riemann tensor encodes the usual curvature 
invariants of Riemannian geometry. We will show that it contains the Ricci tensor and Ricci 
scalar, but that due to the presence of undetermined connections it does not contain the full 
uncontr acted Riemann tensor. 



We begin by recalling that due to (]6.36p and (|6.38p the non-vanishing independent compo- 
nents of the Riemann tensor are 



Tiabcd , T^-abcd i ^, 



abed ' 



n. 



abed ' 



(6.39) 



Let us first consider 1Z abcd - Its unbarred indices are antisymmetric in a, b and therefore belong 
to the GL{D) representation 



ab, c 



® □ 



□ 



(6.40) 



where the Young tableaux refer to the left GL(D). The tilde in the Hook diagram indicates the 
traceless part, and the box diagram represents the trace part. We have the algebraic Bianchi 
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identity T^[ a b c ]d = and so the totally antisymmetric part is actually absent. In total, the full 
tensor 7£ afec( j belongs to the representation 



K 



abed 



(ab, c)Qd 



©□ © □■ 



3.41) 



Here the rightmost box diagram refers to the right GL(D), corresponding to the index d, and we 
have indicated the product by © in order to stress that the second factor belongs to a different 
GL(D). Now, the undetermined connection Co in (|6.26p makes a contribution to the tensor 
7Z abc( }- Moreover, this undetermined connection lives precisely in the traceless Hook diagram, 
and so its contribution to 7£ afec j lives in the representatio: 



T^abcdi^) ~ E d^abc 



□ 



(6.42) 



where the traceless Hook diagram represents the undetermined connection and the second 
box refers again to the right GL(D). In the above, the dots represent additional terms that 
may even be free of undetermined connections. But, even if such terms were relevant, they 
are not accessible since they are affected by the fully undetermined structure E^Cb a \, c in the 
representation indicated by the above tableaux. That full representation is therefore unavailable 
and, subtracting it from (|6.4ip . we conclude that the 'physical' representations encoded in 7£ afec( j, 
i.e., those independent of the undetermined connections, are given by □©□. This is precisely 
the representation content of the generalized Ricci tensor with D 2 components, 



K 



ab 



□ ©□■ 



(6.43) 



Thus we have shown that the physical content of TZ abc ^ is given by its trace part, the generalized 
Ricci tensor. 



Next we turn to the first structure in (16.39[) . the tensor Tt a bcd- It is antisymmetric in a, b 
and c, d and so lives in the symmetric tensor product (compare (I4.14p ) 



© 



sym 



© 



© 



© 1 



3.44) 



where we decomposed into traceless representations, and 1 denotes the singlet representation 
corresponding to the double trace. As the totally antisymmtric part is again absent due to the 
algebraic Bianchi identity, TZ a i,cd lives in the following representation 



Ttabcd '■ 



© 



© 1 • 



3.45) 



Let us now compare with the contribution of the undetermined connection to to l^abcd-, which 
reads 



Ttabcdiu) 



E a ^bcd + 



(2,2) 



© 



3.46) 



9 We note that both derivative operators E a and Ea are non-zero even when we solve the strong constraint 
by setting d x = 0. Thus, all derivatives contribute a factor of D additional components. 
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Here the subscript (2, 2) indicates the projection onto the representations contained in the 
(2,2) window Young tableaux f|6.45j) . There is no singlet (double trace) contribution since Cj 
is traceless. Thus, comparing (|6.46p with (|6,45p . we conclude that the physical representation 
encoded in this projection of the Riemann tensor (i.e., that independent of the undetermined 
connection) is precisely given by the singlet, 

K : 1 , (6.47) 

which corresponds to the generalized scalar curvature. 

The analogous arguments apply to the final two projections in (|6.39j) . with the role of the two 
GL(D) groups interchanged and with respect to the undetermined connection co^bc- Moreover, 
the Ricci tensor and scalar curvature obtained from these projections are equivalent to those 
discussed above, as can be verified in an explicit basis, see e.g. sec. 3.2 and 3.3 in [16]. Thus, 
in total, the physical content of the generalized Riemann tensor is encoded by the generalized 
Ricci tensor and scalar curvature. 



7 Differential identities and the Riemann tensor 

In this section we report on some results that originated from attempts to derive differential 
Bianchi identities for the Riemann tensor beyond those following from the gauge invariances of 
an action. Although ultimately unsuccessful, we obtain on the way some interesting equations 
that may turn out to be useful, specifically for the gauge variation of the connection symbols 
and for a particular triple-commutator of covariant derivatives. Here we find it convenient to 
leave the invariant language and write everything in terms of a basis. 

7.1 Covariant gauge variation of connections 

One main difference between the geometry of double field theory and ordinary Riemannian 
geometry is that the commutator of covariant derivatives generally does not take a nice form 
in terms of the generalized Riemann tensor. We can write 

[Vm,Vn]V k = -Rmnk L V l -T mn l V l V k , (7.1) 

but here we obtain the 'naive' Riemann tensor ()3.38j) and the naive torsion tensor, Tmn = 
2F[mn] K > which do not have tensor character (although the sum on the right-hand side of (|7.ip 
of course does [E]). Nevertheless, in the following we use this relation to rewrite the gauge 
variation of the connection symbols Tmnk in a manifestly covariant form involving the proper 
generalized Riemann tensor. 

The gauge variation of T is given by [8|[T6] 

S^MNK = Sm{Sn^,K — Sr^n) + C-^MNK • (7.2) 

We replace now each partial derivative by a covariant derivative, adding and subtracting the 
corresponding connection terms. As (|7.2p contains second derivatives this yields terms with 
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first derivatives on connections, which we can rewrite in terms of the Riemann-like tensor R. 
After a straightforward computation one obtains 

S^Tmnk = 2VmV[jv"£k] + i P Rpmnk + Tnk P ^pCm — FqnkF® mp(, P ■ (7.3) 
We can now use (|7,ip to rewrite the term on the right-hand side involving T, 

Tnk F ^p£,m = — [Vat, VjfJ^Af — Rnkmp£, P ■ (7.4) 
Inserting this into (|7.3p we obtain 

S^Tmnk = 2VmV[7vCa-] _ [Vat, Vx]£m + £ p (Rpmnk + Rnkpm + ^qpm^ nk) , (7.5) 

using the antisymmetry in the last two indices of R and T. The terms in brackets constitute 
precisely the coordinate expression ()3.58j) of the generalized Riemann tensor. Thus, after a 
minor rewriting, we have shown 

5^mnk = 2(VmV[a7^j — V[jvV/^]^m) + £, P 7Zpmnk • (7.6) 

This is manifestly covariant, as it should be since the variation of a connection is a tensor. This 
relation is the analogue of a similar expression in Riemannian geometry, where 

5T k mn = V m V n £ fc + i l RiJ n , (7.7) 

and where V denotes the usual Christoffel symbols and R the usual Riemann tensor. 

In the above computation we have repeatedly used the generalized torsion constraint T = 0. 
For completeness let us note that the variation of T can also be written covariantly for non- 
vanishing torsion. After a lengthier computation, which we do not display, one obtains 

^i^MNK = 2(VAfVrAr^] — ^\N^K](m) + ^TlpMNK 

(7.8) 

+ i V ' mTnkp + (Vm£ — V Cm)Tnkp , 
which reduces to (17.61) for T = 0. 



It is amusing to note that these relations allow us to give an alternative proof for the 
algebraic Bianchi identity (|4.10p . We first recall that the generalized torsion tensor can be 
alternatively defined by the relation 



(£j-£ ( )V M = TmnkC N V k , (7.9) 

where Cj denotes the generalized Lie derivative in which each partial derivative has been 
replaced by a covariant derivative. This implies for any generalized vector V 

S^Vm = C^V M = CJVm-Tmn k V k C n , (7.10) 

and analogously for arbitrary generalized tensors. Therefore we can apply this relation to the 
gauge transformation of 7m nk itself, 

SfTmnk = £?Tmnk — Tmp q Tqnk£ p — Tnp®Tmqk£. p — Tkp q Tmnq£, p 

p p p p (7 ' n) 

= (, P VpTmnk + 3(V[ M £ P - V p ^[m)Tnk]p - 3T[mn Q 7~k]pq£, P , 
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using the total antisymmetry of T in the second line. On the other hand, we can also compute 
this gauge transformation from (|7.8]h using Tmnk = 3F\MNK]i by simply projecting that 
equation to the totally antisymmetric part: 

S^Tmnk = ^^[mnk] = 3£ p K P [ MNK ]+3£ p V[ M Tnk]p+3(V[ M (, p -V p £[ M )Tnk]p • (7-12) 
Since this has to be equal to ()7.11|) for arbitrary £ p we immediately conclude 

31Lp[MNK] = VpTmnk - 3V[ M Tnk]p - 37[mn Q Tk]pq , (7-13) 
or, after a minimal rewriting, 

3K-[mnk]p = 4V[m7nkp] + 3T[mn Q Tk]pq , (7-14) 
which is the full algebraic Bianchi identity (|4.10p . 

We close this section by giving the analogue of (|7.6p for the spin connection coefficients. 
Their gauge variation is determined by the gauge variation of T by means of the vielbein 
postulate ()6.7|) . 

V M E A N = d M E A N + T M k N E a k + u M a B E b n = 0, (7.15) 

Variation of ()7. 15j) then yields 

= V M (SE A N ) + 8T MK N E A K + 5uj ma b E b n . (7.16) 

This equation determines the £ gauge transformations of u). However, u also transforms under 
local frame transformations corresponding to the structure group GL{D) x GL{D) under which 
r is inert. It is convenient to determine 5oj for a particular combination of gauge transformations 
with respect to £ and a field-dependent frame transformation, setting the GL(D) x GL{D) 
parameter to 

A A B = i N io NA B . (7.17) 
This implies for the frame components Gab °f ^ ne 0(D, D) metric 

5Gab = £, N dNG A B + ^a c Gcb + ^b c G A c = £ N {SnGab + ojna c Gcb + ^nb c Gac) 

(7.18) 

= £ n VnGab = 0, 

using the covariant constancy of Gab m the last step. Thus, under this combination of gauge 
transformations G A b is invariant and so we can freely raise and lower frame indices inside 
gauge variations. Contracting next (|7.16p with the inverse vielbein E^ c we obtain after a 
minor rewriting and relabeling of indices 

Sumab = -Vm (SE A N E NB ) - ST MNK E A N E B K , (7.19) 

where we used the relation Em A = G AB E B N t\mn in order to adjust the index positions, and the 
covariant constancy (|7.15|) to move the vielbein under Vm- We next use that for the combined 
£ gauge transformations and field-dependent frame transformations with parameter (|7.17|) we 
have 

5E A N E NB = -{VaSb-VbU) - (7-20) 
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where £a = sMi as has been shown in eq. (3.14) in [8j. Inserting now this and (|7.6p into 
(|7.19p we obtain 



Sujmab = Vm (Va£b - Vfl^) 

(7.21) 

— (V.M(Vjv£fs: — Vx6v) — [Vjv, VkJCm + £ T^pmnk) Ea Eb , 

Using the covariant constancy of the vielbein, we can convert indices in the second line to frame 
indices, after which we see that the terms in the first line cancel. In total we get 

Swmab = [Va, Vb]£m + T^abmnC , (7.22) 

using the symmetry properties of 1Z in the last step. This is our final form of the gauge variation 
of the spin connection. It is quite a remarkable relation, for the right-hand side is precisely 
the combination that would be zero if things were as in Riemannian geometry, where the 
commutator of covariant derivatives yields the Riemann tensor. In contrast, here it determines 
the gauge variation of u, which is generally non-zero. There is one exception, however. The 
special component ^Mal vanishes and hence its variation vanishes, which implies 

[V a ,V 5 ]CM = ~n alMN i N . (7.23) 

It is clear from (|7.22|) that this is the only simple relation between the commutator of covariant 
derivatives and the generalized Riemann tensor. 

7.2 Triple commutators and the Riemann tensor 

We have seen above that (j7.8j) allows for a simple proof of the algebraic Bianchi identity. One 
may thus wonder whether we can also obtain a differential Bianchi identity this way. Indeed, in 
conventional Riemannian geometry the differential Bianchi identity can be proved along these 
lines, which we briefly sketch in the following. The gauge transformation of the Christoffel 
symbols T k nn can be written as in (J7T7J). Using this in the general variation of the Riemann 
tensor, 

5R mn k l = V m 5T k nl - V n 5T k ml , (7.24) 
employing the standard relation [V m , V n ]V k = R mn k iV l , one finds after a brief computation 

SR mn k i = — 2C p V[ m i? n ] p fc ; — 2V[ m £ p R n ] p k i — Vp^ k R r nn P i + V/^ p i? mn fc p . (7-25) 

On the other hand, this gauge transformation can also be written as the standard Lie derivative, 
but with all partial derivatives replaced by covariant derivatives (as we are allowed to do for 
the Levi-Civita connection), 

5Rmn k l = £ P V 1 v Rran 'l ~ 2V[ m £ P R n ]p k I ~ Rinn P I + V;£ P R m n \ ■ (7.26) 

As this has to agree with (|7,25p for arbitrary £ we conclude 

3V[ p i? mn ] fc z = V p R m n k l + 2V[ m i? n ] p fc ; = , (7.27) 

which is the differential Bianchi identity we wanted to prove. 
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A crucial step in the above proof, from (|7,24p to (|7.25p . was to rewrite the commutator of 
covariant derivatives with the Riemann tensor. As discussed above, in the generalized case we 
do not have such an identity, so it appears doubtful whether the above strategy can be employed. 
However, what is really needed are triple-commutators of covariant derivatives, and it turns 
out that there is such an identity in terms of the generalized Riemann tensor. Unfortunately, 
following the above steps it leads to = 0, thus confirming the suspicion expressed in |T6] that 
there is no analogue of an uncontr acted differential Bianchi identity. Rather, we now turn the 
logic around and use this observation to give a simple proof for this triple-commutator relation, 
which may be useful for other applications. 

We start with the general variation of the generalized Riemann tensor, which can be written 
similar to the standard case [16J, 



STImnkl = 2V[ M 5T N ] KL + 2V[ K 5T L ^ MN . (7.28) 



We can now specialize to the generalized diffeomorphism transformation in the form (|7.6p . 
which yields after a brief computation 

SUmnkl = 2([[Vm,Vjv],V [k ]£l] + [[Vx,Vx],V [m ]Cjv] 

(7.29) 

V[m£^ fc\P\N]KL + K\P\L]MN + ^ (V '[M^\P\N]K L + V '[K^\P\L]M n) 



As above we know that this must be equal to the generalized Lie derivative, and for vanishing 
torsion we can replace all partial derivatives by covariant derivatives, see (|7.10p . Thus, we have 

5/R-MNKL = £ P V ' pIZMNKL 

(7.30) 

+ 2(V [M £ P -V P £ [M )^| 

P\N]KL L]MN ■ 

Comparing this with (|7.29p we infer the following triple-commutator relation valid for an arbi- 
trary vector £: 



[[Vm» Vjv], V[x £l] + [[Vjf, Vl], V[ M Cn] = T^mnp[k^ P ^l]+'^klp[m^ P Cn] 



(7.31) 



+ £ f ' {^[M^N]PKL + ^[K^L]PMN + ^ P^MNKL 

7.3 Differential Bianchi identities from higher-derivative actions 

Although we have argued in [16] and above that there is no analogue of the differential Bianchi 
identity ^7[m^nk]pq = in double field theory, there is of course the Bianchi identity following 
from the gauge invariance of the double field theory action (jl.3p , which in turn is a generalization 
of the usual Bianchi identity V m G mn = for the Einstein tensor in general relativity. Similarly, 
one can derive further differential Bianchi identities by using the gauge invariance of higher- 
derivative actions such as 

S = ^dxdxe- 2d TZ MNKL n M NKL ■ (7.32) 

This action as such is not of direct physical interest, for it depends on undetermined connections 
and thus involves more than the physical fields. Moreover, as we showed in the previous section, 
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it does not contain the (square of the) Riemann tensor and is therefore insufficient for a' 
corrections. All we need, however, is the gauge invariance of (|7.32p . which is manifest. 

Let us now derive the differential Bianchi identity. This requires (|7.28|) and (|7.6p for the 
variation of the Riemann tensor and [TB] 



dee 



e - 2d v P e 



(7.33) 



for the gauge transformation of the dilaton. We compute 
= S^S = ^dxdxe- 2d 



Wpi P n MNKL nMNKL + 8K MNKL V M dT NKL 



I 



dxdx e 



-2d 



2 Jo 



2C p n MNKL v P n MNKL 



8V M n MNKL (2V N V K ^L - 2V K V L i N + t P K PNKL ) 



t, ><■ V pKMNKL 



(7.34) 



Z p (8V K v N v M K MNKP - 8V l v k v m Kmpkl + 4V M n MNKL n PNKL ) 



-2 I dxdxe- 2d £ p 



K 



MNKL* 



V 'pIZmnkl + 8V V V (TZmnkp — TImpnk) 



+ 4fcp NKL V M K 



MNKL 



Here we did several integrations by part and index relabelings. As this integral vanishes for 
arbitrary £ p we conclude 

n PNKL v M n MNKL +2v K v N v A \n M NKP-n M pNK) + \n MNKL v P n M NKL = o. (7.35) 

We close this section by noting that along the same lines one could easily derive more differential 
Bianchi identities, by using different higher-derivative actions, e.g., involving the generalized 
Riemann tensor with certain index projections rather than the full unprojected one in (|7.32p . 



8 Concluding remarks 

Even though a geometric framework for double field theory is by now quite well-understood in 
'index-based' physics terminology, see e.g. [8].fT6] . a more invariant treatment, analogous to the 
coordinate-free formulation of differential geometry developed in pure mathematics in the mid 
20th century, was lacking. In this paper we believe to have taken a first step towards a similar 
formulation of the geometry of double field theory. Among other things, this formulation 
makes manifest the equivalence of the previously developed frame-like [5, 8j and metric- like 
formalisms [16,21 ,22j. The geometric structures emerging in double field theory are a compelling 
generalization of those in Riemannian geometry. Nevertheless, there are also puzzling features 
which seem to suggest that the present framework may eventually become just part of a more 
general structure. 

Most importantly, in contrast to Riemannian geometry the connection is not uniquely 
determined in terms of the physical fields. This is essentially because the constraint of zero 
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generalized torsion in double geometry is weaker than the similar constraint in Riemannian 
geometry. More precisely, in Riemannian geometry the constraint of zero torsion and the 
constraint that V is compatible with the metric (•, •) determine completely the connection. In 
the doubled geometry the analogous conditions use the generalized torsion and the compatibility 
of V with the metric (•, •) described by r\. They come up short to fix the connection because, 
when V is compatible with the metric, the generalized torsion is totally antisymmetric in its 
three indices and thus has far fewer components than expected. Not even the imposition of 
further conditions - the compatibility of V with the generalized metric and a trace condition on 
the connection - can make up for the shortcoming. With undetermined connections, we have 
a generalized Riemann tensor with undetermined components. 

Another puzzling feature of the generalized geometric formalism, perhaps related to the 
presence of undetermined connection components, is the apparent absence of differential Bianchi 
identities beyond those following from the gauge invariance of actions. Specifically, it seems 
quite clear that there is no analogue of the uncontracted differential Bianchi identity for the 
Riemann tensor, but we also have not been able to find a once-contracted Bianchi identity 
that would generalize the familiar relation V m R mn ki = 2\/^Rq n . One may wonder whether 
this somehow hints at the need to introduce some larger structures in which the significance of 
these observations will become clear. 

While it has been known that the generalized Riemann tensor does encode the Ricci tensor 
and Ricci scalar, we have shown (sec. 16. 4p that the presence of undetermined connections 
implies that the generalized Riemann tensor does not have enough physical components to 
describe the Riemann tensor. In fact, it has only enough of Riemann to determine the Ricci 
and scalar curvatures. An immediate consequence of these results is that the present framework 
is insufficient to describe a'-corrections to the effective action, for the latter are known to include 
higher powers of the full Riemann tensor. This implies that even if there were a procedure to 
remove the undetermined connections from curvature-squared terms, as we speculated in [16J, 
it would not describe the complete couplings required by string theory to higher order in a' . 

We close be arguing that, despite the apparent complications, there are very good reasons 
to believe that it must be possible to encode a' corrections in double field theory. For instance, 
in closed string field theory [37], which uses doubled coordinates [38] and inspired the recent 
progress in double field theory, T-duality is known to be present to all orders in a' . Moreover, 
as shown by Sen [39], such symmetry implies the continuous 0(D, D) symmetry of the effective 
low-energy action to all orders in a' , which has been verified explicitly by Meissner to first 
order in a' in reductions to one dimension [30]. String field theory also suggests what may be 
needed in order to overcome the obstacles found here. In fact, the gauge transformations and 
the bracket governing the gauge algebra receive a' corrections in string field theory. Therefore it 
would not be surprising if we are forced to go beyond the geometric framework developed so far, 
e.g., generalizing the Courant and Dorfman brackets. If a further generalization encompassing 
a 1 corrections does exist, it is reasonable to expect that the geometric structures discussed here 
will become a natural part of that larger framework. 

Apart from the problem of a' corrections there is a wealth of questions related to the pure 
two-derivative theory. Most importantly, we are still lacking a proper 'intrinsic' understanding 
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of the doubled manifold and the generalized vectors. Our recent paper [32] interprets finite 
gauge transformations as generalized coordinate transformations and so suggests a generalized 
notion of manifold, but a precise mathematical formulation and nontrivial examples are clearly 
desirable. In particular, such progress is needed to understand global aspects of generalized 
manifolds, e.g., in order to investigate to what extent solutions can be patched together to a 
globally non-trivial space. We hope that these questions will be answered in the near future. 
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